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We analyze the topological deformations of a spin-1/2 in an effective magnetic field induced by
an ohmic quantum dissipative environment at zero temperature. From Bethe Ansatz results and a
variational approach, we confirm that the Chern number is preserved in the delocalized phase for
α < 1. We report a divergence of the Berry curvature at the equator when αc = 1 that appears at
the localization Kosterlitz-Thouless quantum phase transition in this model. Recent experiments in
quantum circuits have engineered non-equilibrium protocols in time to access topological properties
at equilibrium from the measure of the (quasi-)adiabatic out-of-equilibrium spin expectation values.
Applying a numerically exact stochastic Schro¨dinger equation we find that, for a fixed sweep velocity,
the bath induces a crossover from (quasi-)adiabatic to non-adiabatic dynamical behavior when the
spin bath coupling increases. We also investigate the particular regime H/ωc  v/H  1, where the
dynamical Chern number observable built from out-of-equilibrium spin expectation values vanishes
at α = 1/2. In this regime, the mapping to an interacting resonance level model enables us to
characterize the evolution of the dynamical Chern number in the vicinity of α = 1/2. Then, we
provide an intuitive physical explanation of the breakdown of adiabaticity in analogy to the Faraday
effect in electromagnetism. We demonstrate that the driving of the spin leads to the production of
a large number of bosonic excitations in the bath, which in return strongly affect the spin dynamics.
Finally, we quantify the spin-bath entanglement and build an analogy with an effective model at
thermal equilibrium.
I. INTRODUCTION
The notion of topology plays a key role in con-
densed matter systems. Applications of homotopy tech-
niques lead, for example, to the discovery of striking
hydrodynamic behaviour in superfluid helium-31–3 and
greatly simplified the description of defects in this4,5
and other systems such as liquid crystals6,7. The topol-
ogy of (Bloch) wavefunctions underlies the quantization
of transport in quantum (spin) Hall systems and other
(symmetry-protected) topological matter8,9.
To illustrate the notion of topology in a simple ex-
ample, let us consider a quantum spin-1/2 particle in a
magnetic field, as described by the Hamiltonian
HTLS = −1
2
h · σ, (1)
where h = H + H0 describes a magnetic field with
is a superposition of a field H in the radial direction
H = (H sin θ cosφ,H sin θ sinφ,H cos θ) and a constant
field along zˆ: H0 = (0, 0, H0). Here, θ and φ repre-
sent the polar and azimuthal angles on the sphere, and
σ = (σx, σy, σz) is a vector of Pauli matrices. For φ = 0,
the ground state Bloch vector 〈σ〉 = 〈g|σ|g〉 aligns with
the direction of h(θ, φ) and lies on a unit circle in the
(xOz) plane, where |g〉 denotes the ground state. In Fig.
1, we show the orientation of 〈σ〉 for θ ∈ [0, 2pi) and
φ = 0. The winding behaviour of the spin around the
circle depends on the ratio H0/H. For H0/H < 1, the
angle between the Bloch vector and the vertical zˆ axis
runs from 0 to 2pi when θ is changed in the same range.
In contrast, this angle comes back to zero for H0/H > 1.
More generally, since the Bloch vector 〈σ〉 must be iden-
tical at θ = 0 and θ = 2pi for any 2pi-periodic Hamilto-
nian, it winds an integer number of times around 2pi as θ
changes from zero to 2pi. This topological (Chern) wind-
ing number C ∈ Z is a characteric of the ground state |g〉
of Hamiltonian (1), and we find C = 1 for H0 < H, while
C = 0 for H0 > H (see Appendix A for more details).
While the Chern number C is a global topological
property of the state |g〉, one can also define quantities
describing the local topology (or geometry). This infor-
mation is contained in the Berry curvature Fφθ10. It
characterizes the local geometry of a state |g〉 upon in-
finitesimal variation of the angles θ and φ, and is defined
by
Fφθ = ∂φAθ − ∂θAφ, (2)
where Aφ and Aθ are the Berry connections defined by
(α = θ, φ)
Aα = 〈g|i∂α|g〉 . (3)
The Chern number C and the Berry curvature Fθφ are
gauge-independent quantities, whereas Aα depends on
the gauge phase of state |g〉. For the Hamiltonian in
Eq. (1) with H0 = 0, we find Fφθ = 12 sin θ for the ground
state |g〉. The Chern number C is obtained from integrat-
ing the curvature over the full Bloch sphere
C =
1
2pi
∫ 2pi
0
dφ
∫ pi
0
dθFφθ. (4)
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2FIG. 1. (Left panel): Adiabatic sweep protocol of the magnetic field H[θ(t)] with linearly varying polar angle θ = v(t − t0).
Grey arrow denotes external magnetic field, magenta arrow the spin direction in the ground state. Red path is for a free spin
(or weak spin-bath coupling), blue bath is for stronger spin-bath coupling which leads to renormalization of transvere field
∆ = H sin θ → ∆r. (Three right panels): The red circles are parametrized by (H sin θ,H0 + H cos θ) with H 6= 0. We have
H0/H = 0 (left), 0 < H0/H < 1 (middle) and H0/H > 1 (right) and the black dot shows the position of the origin in each
case. The arrows show the orientation of the Bloch vector for each value of θ. The vertical component is given by 〈σz〉eq while
the horizontal component is given by 〈σx〉eq.
For H0 = 0, we thus find C = 1. Calculating Fθφ using
the ground state wavefunction for non-zero H0, one can
easily show that the Chern number remains C = 1 as
long as H0/H < 1 and jumps to C = 0 for H0/H > 1.
The winding properties of the spin can also be accessed
using an adiabatic sweep protocol of slowly varying the
polar angle (v/H  1)
θ(t) = v(t− t0) (5)
with t ∈ [t0, t0 + pi/v]. This sweep protocol is illustrated
in Fig. 1. Solving the spin dynamics using Heisenberg
equations of motion for this sweep in the precise case
of Hamiltonian (1) where C ∈ {0, 1}, one can explicitly
derive that the Chern number is determined by the di-
rection of the Bloch vector at the north and south pole
along the path and given by
C =
〈σz(θ = 0)〉 − 〈σz(θ = pi)〉
2
. (6)
While we illustrated the notions of Berry curvature,
Berry connection and Chern numbers using this simple
example of a single isolated spin in a magnetic field, these
definitions are very general and non-trivial topological ef-
fects can arise for any Hamiltonian that is periodic in a
certain variable. Most importantly, electrons in a crystal
can be described by a Bloch Hamiltonian that is peri-
odic in electronic momentum k, i.e, it is invariant under
adding a reciprocal lattice vector to k. In this context,
one may see the Hamiltonian in Eq. (1) as an electronic
single-particle Hamiltonian of the simplest class of Chern
insulators with only two bands, which notably includes
the well-known Haldane model11. The physical signif-
icance of a non-zero Chern number Cα of Bloch band
α is that it may lead to a quantized Hall conductivity
σxy =
e2
2pi~
∑
α Cα where the sum runs over all the filled
bands below the Fermi level8.
Returning to the topology of a Bloch spin, it is impor-
tant to realize that most physical systems are in practice
not completely separated from their environment. This
leads to the phenomenon of dissipation, which can classi-
cally and phenomenologically be described by a smooth
frictional force that accounts for the loss of energy and
a fluctuating force (of zero average) that accounts for
the randomness of the energy exchange12. These two
forces are closely related to each other by the fluctuation-
dissipation theorem. Classically, the environment is a
heat reservoir at a certain temperature T which consti-
tutes a noise source. If the reservoir exhibits time re-
tardation effects, its noise is described as colored, and a
friction force that does not depend on the state of the
system can then be captured by a linear functional that
takes into account the motion of the system at previous
times through a non-Markovian memory friction kernel.
With the aim of recovering this description in the clas-
sical limit, various approaches to open quantum systems
were introduced12. The most successful one has been
to consider coupling the system of interest to an envi-
ronment with infinitely many degrees of freedom. If the
state of the environment is only weakly perturbed by
the coupling to the system, the environmental degrees of
freedom can be described by an infinite set of harmonic
oscillators. This scheme defines the class of Caldeira-
Leggett models13,14, leading to a microscopic Hamilto-
nian H = HTLS +Hdiss with
Hdiss = σz
∑
k
λk
2
(bk + b
†
k) +
∑
k
ωk
(
b†kbk +
1
2
)
. (7)
Here, b†k is the creation operator of a boson in mode k
with frequency ωk (we set the Planck constant ~ = 1).
The spin-bath interaction is fully characterized by the
spectral function J(ω) = pi
∑
k λ
2
kδ(ω − ωk), which we
3assume to be of Ohmic form
J(ω) = 2piαω exp
(
− ω
ωc
)
. (8)
Here, α describes a dimensionless dissipation strength
and ωc  H denotes a high energy bath cutoff energy,
which is the largest energy scale in the problem. An en-
vironment with Ohmic spectral density is a valid descrip-
tion for a number of different systems, for example, for in
circuit quantum electrodynamics (cQED) where the en-
vironment is embodied by long transmission lines15,16, in
cold atomic setups with one-dimensional Bose-Einstein
condensates17, or in Luttinger liquids18,19.
The Ohmic spin-boson model is known to exhibit a
dissipative quantum phase transition at αc = 1 that sep-
arates a delocalized phase, where the spin expectation
value 〈σz〉 vanishes in the absence of a bias field along
the σz, from a (symmetry-broken) localized phase where
〈σz〉 6= 0 already for infinitesimal bias field along σz.
In addition, this model shows a coherent-to-incoherent
crossover at α = 1/2 in the dynamical Rabi-type proper-
ties of the spin dynamics12,14,20. We note that the spin-
boson model is intimately related to a one-dimensional
Ising model with long-range interactions and to the
Kondo model21–23.
The presence of a bath naturally leads to the interest-
ing question whether a coupling to the dissipative envi-
ronment affects the topology of the spin. For strong spin-
bath coupling above the critical coupling strength, i.e.,
α > αc = 1, the spin is localized
12,14 and tunneling be-
tween |↑z〉 and |↓z〉 eigenstates of σz do not occur even in
the presence of a transverse field term H sin(θ)σx = ∆σx.
The spin is trapped in a polarized state along the zˆ-axis
(even for small fields along σz). The possible equilibrium
Bloch vectors in the localized phase are not connected by
a continuous path on the Bloch sphere. Instead, the ex-
pectation value of the spin discontinuously jumps from
being 〈σz〉 = 1 (forHz = H cos θ > 0) to being 〈σz〉 = −1
for Hz < 0, and the Chern number is no longer well-
defined. At sufficiently weak coupling α  1, on the
other hand, one expects that the bath cannot change
the global topology of the spin, expressed by the Chern
number C. The coupling to the bath, however, may af-
fect the local geometry of the spin, which is described by
the Berry curvature Fφθ. Recent experiments in circuit
QED24,25 have realized the large coupling limit for an
Ohmic bath. It is thus interesting to investigate whether
a possible bath-induced geometrical deformation of the
Berry curvature can be accessed experimentally.
In the remainder of this article, we investigate the bath
induced changes of the spin topology and how it may be
accessed experimentally. We study the topology both in
the ground state and within a recently proposed (almost)
adiabatic dynamical sweep protocol that is relevant ex-
perimentally26–29. In Sec. II, we access the topological
properties of the ground state both using results from the
exact Bethe ansatz and an approximate variational ap-
proach. In Sec. III, we address the question how to mea-
sure the Berry curvature and Chern number using a dy-
namic sweep protocol characterized by a small frequency
v/H  1. We compute the spin dynamics and the dy-
namical Chern number Cdyn using the numerically exact
Stochastic Schro¨dinger Equation (SSE) technique, which
fully accounts for the non-Markovian effects of an Ohmic
bath at low temperature. We demonstrate that as the
spin-bath coupling α is increased, the bath inevitably in-
duces a crossover from (quasi-)adiabatic to non-adiabatic
dynamical behavior during the sweep. As a result, the
dynamically measured Chern number Cdyn deviates from
the ground state result C already for α < αc = 1. In a
sense, the equilibrium topological properties are screened
by the environment. For fixed velocity v/H  1 we find
that the crossover to non-adiabatic behavior occurs when
v/∆r ≈ 1, where ∆r = ∆(∆/ωc)α/(1−α) < ∆ is the bath
renormalized transverse field. We the focus on the ex-
perimentally relevant regime of H > v > ∆r relevant to
baths with a large bandwidths ωc  H. We observe that
for fixed velocities in this range, the dynamic Chern num-
ber Cdyn → 0 as α→ 1/2 in the universal scaling regime
ωc → ∞ with fixed ∆r < v. We analytically determine
how Cdyn approaches zero using an exact mapping to the
non-interacting resonance level model (which is exactly
soluble at the Toulouse point α = 1/2).
In Sec. IV we use a toy model to provide an intu-
itive physical interpretation of this breakdown of Cdyn in
terms of a resonant excitation of bath modes, which we
term the “quantum dynamo effect”. Finally, in Sec. V we
study the evolution of the entanglement entropy due to
spin-bath coupling and introduce an effective thermody-
namical description of the quantum dynamo effect. We
conclude in Sec. VI and present an outlook on various
experimental setups that may be able to access the spin
topology that we describe. We provide a number of cal-
culational details in the Appendices.
II. EQUILIBRIUM CHERN NUMBER OF A
DISSIPATIVE SPIN
To explore the effect of the bath on the geometrical
properties of the spin for general coupling strength α, let
us express the ground state wavefunction in the general
form
|g〉 = 1√
p2 + q2
[
pe−iφ |↑z〉 ⊗ |χ↑〉+ q |↓z〉 ⊗ |χ↓〉
]
. (9)
Here, p and q are two real numbers and |χσ〉 is a bath
state associated with the spin polarization σ =↑, ↓. Due
to the symmetry in the Hamiltonian, which does not
contain σy, these quantities only depend on the polar
angle θ, but are independent of the azimuth φ, i.e.,
p = p(θ), q = q(θ), |χσ〉 = |χσ(θ)〉. The only depen-
dence of |g〉 on φ is via the phase factor in Eq. (9). Using
Eq. (9) we find a general expression of the Berry connec-
tions Aα and the curvature Fθφ in terms of p and q. We
find that Aθ does not depend on φ and thus ∂φAθ = 0.
4The connection associated with φ is given by
Aφ = 〈g|i∂φ|g〉 = p
2
p2 + q2
. (10)
The Berry curvature follows from Eq. (2) as Fφθ =
−∂θAφ = −∂θ[p2/(p2 + q2)]. Interestingly, this allows
to derive a useful relation between the Berry curvature
and the spin susceptibility with respect to θ. Using that
〈σz〉 = (p2 − q2)/(p2 + q2), one finds
Fφθ = −∂θ〈σz〉/2. (11)
While the coupled spin-bath ground state can generally
be written in the form of Eq. (9), it is far from trivial to
compute the coefficients p and q as well as bath states
|χσ〉 for a given value of θ.
Physically, the presence of the bath tends to increase
the polarization of the spin along the axis parallel to
the spin compared to the isolated case. This can be
easily understood for the case of a completely polar-
ized spin (i.e. for large external bias fields hz). A
bath that has equilibrated with a completely polarized
spin along direction σ = ±1 is in a shifted bath oscilla-
tor state as described by the bath reduced density ma-
trix ρB(σ) =
1
Z exp[−β
∑
k(ωkb
†
kbk +
σ
2λk(b
†
k + bk))] with
β = 1/T and Z = TrρB . In that state, the bath acts
in turn on the spin as an effective magnetic field along
the σz direction due to the term σz
∑
k λk(b
†
k + bk) in
the Hamiltonian12,30. While the strength of the effective
field hB,z is reduced for a spin that is only partially po-
larized, a non-zero magnetization of the spin 〈σz〉 > 0
imposed by a magnetic field with Hz > 0, i.e. θ < pi/2,
nevertheless results in a polarization of the bath. The
resulting effective field hB,z adds to the external field hz
resulting in an increased spin polarization compared to
the case of a free spin.
The ability of the bath to influence the spin direction
in the ground state affects the topology of the spin. Us-
ing the powerful Eq. (11), we can employ exact Bethe
ansatz results for the spin expectation values31–33 to de-
termine analytically the evolution of the Berry curvature
Fθφ. Most interestingly, inserting the exact expression
for 〈σz〉 given in Ref. 33 into Eq. (11), we derive an
exact expression for the Berry curvature at the equator
θ = pi/2 valid in the full range 0 < α < 1:
Fφθ=pi/2 = F (α)
(ωc
H
) α
1−α
= F (α)
∆
∆r
, (12)
where we have defined the transverse field ∆ = H sin θ
(note that ∆ = H at the equator θ = pi/2), the renor-
malized field ∆r = ∆(∆/ωc)
α/(1−α) and the function
F (α) = 1/
√
pi(4/pi)α/(1−α) exp{b/[2(1−α)]}Γ[1 + 1/(2−
2α)]/Γ[1 + α/(2 − 2α)]. Here, Γ denotes the incomplete
Gamma function and b = α lnα− (1− α) ln(1− α).
Since H < ωc, we find that the Berry curvature Fφθ di-
verges at the equator θ = pi/2 when α→ αc = 1, i.e., at
the delocalized-localized quantum phase transition. This
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FIG. 2. (Color online) (Upper panel) Evolution of the Berry
curvature at the equator Fφθ=pi/2 from Bethe Ansatz results,
Eq. (12) for H/ωc = 0.2, allowing to access the vicinity of the
quantum phase transition at αc = 1 at equilibrium. (Lower
panel) Evolution of the Berry curvature Fφθ in the single po-
laron picture obtained with a variational approach valid at
low coupling, with respect to θ for α = 0 (black), α = 0.2
(yellow), α = 0.4 (green), α = 0.6 (red). We have chosen
the particular value H/ωc = 0.2. The inset shows the evo-
lution of the Chern number with α. The dots are obtained
from the integration of the Berry curvature obtained from the
single-polaron ansatz.
follows from the fact that ∆r goes to zero at the phase
transition, which is in the Kosterlitz-Thouless universal-
ity class12,14,33. The divergence of Fφθ=pi/2 is illustrated
in Fig. 2. At this critical value, the equilibrium Bloch
vector manifold splits into two separate parts which are
no longer connected, reflecting the jump of the order pa-
rameter 〈σz〉 at the transition23.
We have also computed the evolution of the Berry cur-
vature Fφθ as a function of 0 ≤ α < 1 using an ap-
proximate, variational approach to determine the coeffi-
cients p(θ) and q(θ) in Eq. (9). As shown in detail in Ap-
pendix B, we expand the bath wavefunction |χσ〉 in terms
of classical bath polaron states34,35 and the coefficients
p, q are found from minimizing the energy. For simplic-
ity, we restrict to a single polaron expansion (so-called
5Silbey-Harris approach34) and show the resulting Berry
curvature Fφθ as a function of θ for different values of
α < 1 in Fig. 2. We observe that the environment gradu-
ally deforms the ground state manifold upon a variation
of θ. As expected from the exact Bethe ansatz result
in Eq. (12), the deformation is most pronounced around
the equator, where the Berry curvature becomes more
and more peaked as α increases. Importantly, however,
the value of the Chern number C obtained from integrat-
ing the Berry curvature over the complete Bloch sphere
(see Eq. (4)) remains unchanged and equals unity for all
values of α < 1. Dissipation does not change the global
topology at not too strong couplings α < 1. This weak-
coupling behavior should be quite general and also hold
for other types of environments such as non-Ohmic spec-
tral densities J(ω) ∝ ωs with s 6= 1 or fermionic baths.
As long as the system-environment coupling is sufficiently
weak, the global topology of the spin is protected, and
the Berry curvature is only locally modified.
III. GEOMETRICAL AND TOPOLOGICAL
OBSERVABLES IN A TIME-DEPENDENT
FRAMEWORK
A. Sweep protocol and dynamical Chern number
In a recent work of Polkovnikov and Gritsev in Ref. 26,
it was proposed that the Berry curvature Fφθ of a spin
can be measured via a dynamical sweep protocol. Let us
first discuss this protocol for a free spin before investigat-
ing the effect of the coupling to a bath. Within the sweep
protocol the spin is subject to the Hamiltonian HTLS in
Eq. (1) with a time-dependent vector h(t) whose polar
angle is changed linearly in time according to
θ(t) = v(t− t0) . (13)
Within the time interval t ∈ [t0, t0 +pi/v], the vector h(t)
follows a half circle from the north to the south pole of
the sphere. For simplicity we choose φ = 0 in the follow-
ing. The sweep protocol is illustrated in Fig. 1. The spin
is initially prepared in the ground state |↑z〉 at time t0.
If the sweep velocity is small v/H  1, the dynamics is
nearly adiabatic. In the non-dissipative case α = 0, the
Bloch vector spirals around the field, following a char-
acteristic cyclo¨ıd curve from north to south pole that
is associated with oscillations of 〈σα〉. The dynamics
can be conveniently described in a rotating frame, de-
fined by the unitary transformation U(t) = exp( i2θ(t)σ
y)
corresponding to a rotation around the yˆ-axis by an an-
gle θ(t) = v(t − t0). The state transforms according to
|ψ′(t)〉 = U(t) |ψ(t)〉 such that it obeys the Schro¨dinger
equation
i∂t|ψ′(t)〉 =
[
iU˙U† + UHTLSU†
]
|ψ′(t)〉 = Heff |ψ′(t)〉 ,
(14)
with effective Hamiltonian
Heff = iU˙U† + UHTLSU† = −Hσ˜z/2− vσ˜y/2 . (15)
The spin operators σ˜α refer to the axis in the rotated
frame. Starting from |ψ′(t0)〉 = |ψ(t0)〉 = |↑z〉, we find
that |ψ′(t)〉 rotates around the vector Ω = (0, v,H).
We recover that the dynamics is static in the rotating
frame when v/H → 0 (adiabatic limit). At non-zero
velocity v > 0, the spin rotates around Ω and the non-
adiabatic response is characterized by the angle ofΩ with
the zˆ-axis. In particular, one observes a non-zero expec-
tation value for 〈σy(t)〉, which oscillates with frequency√
H2 + v2 and an amplitude proportional to velocity v.
This sweep protocol is also known as Adiabatic Rapid
Passage (ARP) technique, and is widely used in the mag-
netic resonance community to invert the population of
two-level systems36.
For a sweep described by θ(t) in Eq. (13) and φ = 0, the
non-adibatic response corresponds to a non-zero value of
〈σy(t)〉. As shown in Refs. 26 and 37 this response is
closely related to the geometrical properties of the ground
state via
1
2
sin[v(t− t0)]〈σy(t)〉 = v
H
Fφ=0θ(t) +O(v2/H2). (16)
In the quasi-adiabatic regime where the occupation of
the ground state remains close to one, the non-adiabatic
response of the system is proportional to the Berry cur-
vature at first order in v/H. The result in Eq. (16) can be
derived using a time-dependent version of the Hellmann-
Feynman theorem38, and proven using adiabatic time-
dependent perturbation theory26,37. We explicitly derive
it in Appendix C.
Measuring the Berry curvature via this sweep tech-
nique was recently achieved in circuit QED experi-
ments27,29, where the transverse spin component 〈σy(t)〉
was measured using pi/2 tomographic pulses. From a
time integration over 〈σy(t)〉, the authors estimated the
Chern number Cdyn for each value of H0. In this way,
they determined the location of the (Haldane) topologi-
cal transition from C = 1 to C = 0 occuring at H0 = H
(see Eq. (1)).
It may be noticed that one can reach an even more
convenient expression for Cdyn using the Heisenberg
equation of motion for σz, which reads 〈σ˙z(t)〉 =
−H sin[θ(t)]〈σy(t)〉. This allows deriving a dynamical
generalization of Eq. (6), which reads
C = Cdyn +O(v/H) (17)
with
Cdyn =
〈σz(t0)〉 − 〈σz(tf = t0 + pi/v)〉
2
. (18)
From an experimental perspective, Eq. (18) shows that
a measurement of the spin observables at the initial and
final time is sufficient to characterize the global topology
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FIG. 3. Spin variables 〈σz〉 (black), 〈σx〉 (yellow) and 〈σy〉 (red) and their time-evolution during the sweep, with v/H = 0.08.
From left to right and top to bottom, we take α = 0.05, α = 0.15, α = 0.26, α = 0.3, α = 0.34 and α = 0.36. We have
H/ωc = 0.01. In the low coupling regime α 1 we recover the two different frequencies for the dynamics v and
√
H2 + v2, as
shown by the description in the rotating frame (Eq. (14) and discussion below).
if higher order non-adiabatic corrections in O(v/H) are
negligible.
Using Eq. (18) we easily recover that for a free spin
Cdyn = 1+O(v/H) when H0 = 0 (in fact for all H0 < H),
since from Eq. (14) we find
〈σz(tf )〉 = −
1 + (v/H)
2
cos
(
pi
√
H2 + v2/v
)
1 + (v/H)
2 (19)
The condition v  H is a sufficient criterion for quasi-
adiabaticity in this case as the system is gapped along
the complete path with gap size H for H0 = 0. For
non-zero H0 the minimal gap is |H − H0|. As argued
in Refs. 26 and 37, the relation in Eq. (16) in fact also
holds for gapless systems as long as the occupation of the
ground state remains close to one, which also depends on
the magnitude of the transition elements in addition to
the energy difference. It is important to note that Cdyn
may not be equal to an integer in contrast to the integer
quantity C. Rather, Cdyn is an estimate for C in the
quasi-adiabatic regime. The recent experimental study
of Refs. 27 and 29 indeed report non-integer values of
Cdyn around the transition point H0 = H where the gap
∝ |H −H0| closes and the quasi-adiabaticity criterion is
not fulfilled.
Before investigating the effect of dissipation, we want
to emphasize that the derivation of Eqs. (16) and (18)
is quite general26,37 and remains valid even in the pres-
ence of spin-bath coupling α > 0 (but the gap H must
be replaced by its renormalized value as we show below).
To access the behavior of the dynamical Chern number
Cdyn for spin-bath couplings α beyond the weak coupling
limit α  1, we next employ the numerically Stochastic
Schro¨dinger Equation (SSE) approach. In the weak cou-
pling limit, this question was addressed in Ref. 39 using
a perturbative and Markovian Bloch-Redfield approach.
This study confirmed that the dynamical Chern number
Cdyn is unaffected by the presence of the bath at weak
spin-bath coupling α 1. We also note results of Ref. 40,
where the authors studied the effect of an Ohmic bath
on the Berry phase acquired by the spin along a periodic
path of constant θ, changing the azimuth φ. They showed
that in this case the environment affects the Berry phase,
which is a local observable.
B. Spin dynamics and topology from stochastic
Schro¨dinger equation
As explained in the previous section, the spin dynam-
ics 〈σy(t)〉 (or 〈σz(t)〉) gives access to the dynamical
Chern number via Eqs. (16)(18). In the presence of
an Ohmic bath, we calculate the spin dynamics using
the numerically exact Stochastic Schro¨dinger Equation
(SSE) approach, which was developed in Refs. 30, 41–44
(see also previous stochastic approaches to the spin-boson
model45–48). This method is applicable in the regime
α < 1/2 and becomes numerically exact in the universal
regime of a large bath bandwidth ωc  H. The SSE
approach was successfully used to describe the dynamics
of the Ohmic spin-boson model30,41,44 as well as the dy-
namics of the Rabi model43. We present a summary of
the most important technical details in Appendix D.
7We calculate the dynamics of the spin expectation val-
ues 〈σα〉 for α = x, y, z for an external linear sweep of
the polar angle θ(t) = v(t − t0) of the magnetic field
h(t) (see Eq. (1)). In Fig. 3, we present results for the
time-evolution of 〈σα(t)〉 for increasing values of spin-
bath coupling α and fixed sweep velocity v/H = 0.08
as well as H0 = 0. This choice of v/H  1 guarantees
quasi-adiabaticity in the non-dissipative case α = 0. For
a dissipation strength below α ' 0.15, the 〈σz(t)〉 fol-
lows the external field and shows a complete transfer of
the spin direction from +1 to −1, leading to a dynamical
Chern number Cdyn ' 1. This confirms that global topo-
logical properties are unaffected by the presence of the
environment at low dissipation. The continuous change
of 〈σz(t)〉 along the path, however, becomes sharper when
the coupling increases, as can be seen in the first two top
panels of Fig. (3). At the same time, the amplitude of
〈σy〉 increases, especially when the field h(t) lies around
the equator θ = pi/2. This is a clear signature of the
progressive bath-induced deformation of the Berry cur-
vature. Finally, for stronger spin-bath couplings above
α ' 0.2, the expectation value 〈σz〉 at the final time tf is
larger than −1. This leads to a non-integer result for the
dynamical Chern number 0 < Cdyn < 1, which therefore
ceases to be a good estimate for C. Since ∆r → 0 for
α→ αc = 1 the dynamical protocol breaks down for any
velocity at the localization phase transition.
For a given value of α (and ωc), one can determine
the velocity at which Cdyn stops being a good esti-
mate for C from the exact scaling of the Berry curva-
ture at the equator Fφθ=pi/2 = F (α)∆/∆r in Eq. (12).
Note that at the equator θ = pi/2 the transverse field
∆ = H sin θ = H. The dynamical Bloch spin vector
〈σ(t)〉 is able to adiabatically follow the ground state
Bloch vector 〈g(θ)|σ|g(θ)〉 as long as the magnetic field
h(t) evolves slowly compared to the curvature of the
manifold, i.e. as long as Fφθ=pi/2v/H  1 holds. Us-
ing Eq. (12), the criterion for quasi-adiabaticity at the
equator thus corresponds to
v  ∆r(θ = pi/2) . (20)
where ∆r = ∆(∆/ωc)
α/(1−α) is the renormalized trans-
verse field. In Fig. 1, we illustrate the renormalized exter-
nal magnetic field that the spin experiences. Note that
the transverse and the longitudinal field are renormal-
ized by the bath in very different ways. This criterion is
confirmed in Fig. 4, where we show Cdyn as a function
of v/∆r. As long as Eq. (20) is fulfilled, one can thus
determine the Chern number C and the bath-induced
deformation of the Berry curvature Fφθ via a dynamical
measurement of 〈σy〉 (or 〈σz〉).
As shown in Fig. 5, this bath induced crossover from
quasi-adiabatic behavior v  ∆r(θ = pi/2) for small α to
non-adiabatic behavior ∆r  v  H (for all θ) occurs at
a coupling strength α < αc much smaller than the crit-
ical value αc = 1. This follows from the renormalization
of ∆ → ∆r, which suppresses ∆r to a value that de-
creases for larger bath bandwidth ωc. Clearly, the value
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FIG. 4. Evolution of the dynamical Chern number Cdyn with
respect to v/∆r(θ = pi/2) for α = 0.3 (red points), α = 0.36
(blue points), α = 0.38 (yellow up pointing triangles), α = 0.4
(magenta squares) and α = 0.42 (green up-pointing triangles).
Cdyn is a good estimate for C as long as the quasi-adiabaticity
criterion (20) is fulfilled.
of α where Cdyn starts to deviate from C = 1 increases
for decreasing velocities, corresponding to the criterion
v  ∆r(θ = pi/2) that ensures quasi-adiabatic behavior
(and Cdyn = C) being fulfilled up to larger values of α.
In addition, it is interesting to note that all curves Cdyn
approach zero as α → 1/2. This follows from our choice
of keeping v/H  1 and H/ωc  1 fixed and assume the
hierarchy H/ωc < v/H < 1. This choice (of the order
of limits) ensures that the dynamics is non-adiabatic at
the Toulouse point, where ∆r(α = 1/2) = ∆
2/ωc  v.
It enables us to quantitatively access the behavior of
Cdyn → 0 from the exact solution at the Toulouse point
(see dashed lines in inset of Fig. 5 and their derivation
in the next Sec. III C). Equation (20) suggests that tak-
ing the limit H/ωc → 0 and v/H → 0 while keeping
v/H(ωc/H)
µ/(1−µ) fixed, where µ is a real number be-
tween 0 and 1, would yield a jump from Cdyn = 1 to
Cdyn = 0 at α = µ.
Before discussing more quantitatively how Cdyn be-
haves for larger velocities v > ∆r, let us briefly dis-
cuss the three main effects of the bath on the spin:
(i) bath induced renormalization of the transverse field
∆ = H sin θ → ∆r = ∆(∆/ωc)α/(1−α) < ∆ (see Fig. 1);
(ii) quasi-static bath induced bias field hB ∝ (0, 0, 2αv)
due to the initial polarization of the bath oscillators
(shifted oscillator state). The oscillators with frequen-
cies ωk < v are not able to follow that spin dynamics
during the sweep protocol (on timescale v−1) and thus
remain in their initially polarized state. Note that we
assume that the bath has intially relaxed to a shifted
bath state with fully polarized spin in state |↑z〉, which
is the case in our numerical protocol. (iii) resonantly in-
duced bath bias field hB,ind due to bath oscillator modes
of frequency ωk ≈ v. These modes are resonantly ex-
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FIG. 5. (Color online) (Upper panel) The main panel shows
the evolution of the measured Chern number Cdyn with re-
spect to α for v/H = 0.08 (black), v/H = 0.06 (red),
v/H = 0.04 (blue), and v/H = 0.02 (green). The inset zooms
on the region around α = 1/2, and the dashed lines represent
predictions based on the mapping with an interacting reso-
nance level valid around α = 1/2 (see Sec. III C). We have
v/H < 1 and vωc/H
2 > 1. (Lower panel) Evolution of Cdyn
with respect to α and H0/H for v/H = 0.08. The red line
shows the asymptotic jump line of Cdyn from 1 to 0 expected
when decreasing the velocity while keeping vωc/H
2 constant.
cited due to the sweep of the external field on a timescale
v−1. For stronger spin-bath couplings α these reso-
nant bosonic modes reach large occupations causing a
shift of the oscillator coordinates xk ∝ λk(b†k + bk) that
opposes a further change of the spin due to the term
σz
∑
k λk(b
†
k + bk) in the Hamiltonian. This behavior re-
sembles the Faraday effect of electrodynamics with in-
duced field hB,ind(t) ∝ zˆ
∑
k≈v λk〈b†k + bk〉(t) and we
therefore name it a “quantum dynamo effect”. We in-
vestigate this new effect in detail within the context of a
toy model in Sec. IV.
C. Toulouse Limit
To analytically access the behavior of Cdyn as α→ 1/2,
we use that the Ohmic spin-boson Hamiltonian can be
mapped onto the non-interacting resonance level (RLM)
Hamiltonian at the Toulouse point α = 1/221,49. The
RLM Hamiltonian describes a electronic energy level
(fermionic creation operator d† with level energy d) that
is uniformly coupled to a bath of spinless electrons de-
scribed by operators c†k:
HRLM =
∑
k
kc
†
kck + dd
†d+ V
∑
k
(
c†kd+ d
†ck
)
.
(21)
Here, k is the energy of electron c
†
k. The mapping yields
a constant (fermionic) density of states over bandwidth
D. The hybridization between level and electronic lead is
denoted by V . The equivalence between the two models
in the limit H/ωc  1 can be shown by an explicit com-
putation of the partition function12,14, or using bosoniza-
tion50. One finds the following correspondence between
the two models
∆ = H sin θ ≡ V
√
D
4ωc
−Hz = −H cos θ ≡ d . (22)
The two cutoffs are related via D = 4ωc/pi
33. Note that
the mapping becomes formally exact in equilibrium in
the scaling limit of infinite bandwidth ωc →∞ (keeping
∆r(α = 1/2) = ∆
2/ωc fixed
20) and in the dynamics at
times larger than t > ω−1c .
51
The Toulouse RLM Hamiltonian in Eq. (21) is non-
interacting. We can therefore exactly solve the dynamics
of, e.g., the level occupation 〈d†d〉(t), for the sweep proto-
col θ(t) = v(t − t0) using the Keldysh technique52. The
dot occupation can be related to the spin expectation
value 〈σz(t)〉. From the equations of motion, we find
∂t〈d†d〉 = iV
∑
k
[
〈c†kd〉 − 〈d†ck〉
]
. (23)
The computation of the right hand side of Eq. (23) can be
performed exactly, and we obtain an expression similar
to the one obtained for the lead currents in Ref. 52 (see
Eq. (42) of this reference),
∂t〈d†d〉 = −Γ(t)〈d†d〉 −
∫
df()/pi (24)
×
∫ t
t0
dt1Γ(t1, t)=m
{
e−i(t1−t)Gr(t, t1)
}
.
Here, f denotes the Fermi distribution (at T = 0 here)
9and we have defined
Γ(t, s) =
2pi
D
V (t)V (s), (25)
Gr(t, s) = −iθ(t− s) exp
[
−i
∫ t
s
dud(u)
]
× exp
[
−1
2
∫ t
s
duΓ(u)
]
. (26)
We also write Γ(t) = Γ(t, t). We solve the Keldysh equa-
tions (25) in the scaling regime, defined by taking ωc (or
D) to infinity, while keeping H2t/ωc fixed for all times
(considering dynamics on timescales ∆−1r ).
We confirm numerically that 〈d†d〉(tf = t0 + pi/v) ' 1
for α = 1/2 in our regime of ∆r < v < H. This imme-
diately implyies that Cdyn = 0 at α = 1/2. The reso-
nant level remains occupied during the dynamics, even
though its final energy is above the Fermi level. This
rather counter-intuitive result applies to our particular
(experimentally motivated) regime where v  H2/ωc,
corresponding to the bandwidth ωc being the largest en-
ergy scale and the velocity v is small compared to H
but not compared to H2/ωc. In this case the final time
of the protocol tf is always much smaller than the typ-
ical time-scale of the Rabi dynamics at the Toulouse
point ∆−1r = ωc/∆
2 (see first term in Eq. (25)). Note
that at the “equator” (θ = pi/2), the change in the dot
occupation number is maximal, since the level is reso-
nant with the Fermi energy, the relation ∆ = H sin θ
implies ∆ = H. Here, it is important to stress that
the non-interacting resonant fermionic level model yields
Cdyn = 1 in the adiabatic regime v  ∆r = ∆2/ωc, again
confirming the quasi-adiabaticity criterion in Eq. (20).
D. Scaling of Cdyn close to α = 1/2
To explore the vicinity of the Toulouse point with α <
1/2, we define the dimensionless variable u = 12 −α 1.
Non-zero u result in an additional interaction term Hu
in the RLM (see Eq. (21)) of the form50
Hu = U
∑
k,k′
(
c†kck′ −
1
2
)(
d†d− 1
2
)
(27)
with U = pi
(
1−√2α) = piu + O(u2). The inclusion of
this interaction term in the Keldysh formalism, which de-
scribes an interaction between the electron on the level
and at the first site of the lead, hinders the closure of
the equations of motion for the Green’s functions. In
Appendix E, we treat this interaction term in a basic
mean-field approximation that enables us to numerically
compute the time evolution of 〈d†d〉(t) for α < 1/2. In-
terestingly, we numerically find a linear behaviour
Cdyn(u) = a
H
v
u (28)
with a constant. The dynamical Chern variable thus van-
ishes at α = 1/2 and increases linearly in α for α < 1/2
with a slope that diverges as v/H → 0 (note that we
always demand v/H > ∆2/ωc). In Fig. 5 we show that
this scaling prediction is in very good agreement with the
numerical result of Cdyn obtained from the spin-boson
model.
This linear dependency may be interpreted in the anal-
ogy to the Fermi-liquid behaviour of the Ohmic spin-
boson model, or its Kondo analogue53. In this descrip-
tion, the local susceptibility χ = −∂Hz 〈σz〉 is known
to be constant with respect to Hz, the z-component of
the vector H (see Eq. (1)). A deviation u > 0 from
the point α = 1/2 may thus be seen as a shift of the
electronic level energy by a factor proportional to u, or
equivalently a shift of Hz in the spin-boson description.
This argument would confirm then a linear dependence
of 〈σz(tf = t0 + pi/v)〉 with respect to u, and thus the
scaling Cdyn(u) ∝ u that we find in Eq. (28). The fact
that the slope scales as v/H and the curve thus becomes
very steep for small v/H  1, bears similarities with
the dependence of χ ∝ 1/TK in the anisotropic Kondo
model, where TK ∼ ∆r is the Kondo temperature, which
diverges at the antiferromagnetic-ferromagnetic quantum
phase transition αc = 1.
IV. RADIATIVE CASCADE OF PHOTONS:
QUANTUM DYNAMO EFFECT
In the previous section we have found a bath induced
crossover from quasi-adiabatic behavior at small α, where
v  ∆ ≈ ∆r, to non-adiabatic behavior v  ∆r as the
spin-bath coupling α (or alternatively ωc) is increased.
We pointed out three effects that the bath has on the
spin: (i) renormalization of ∆ to ∆r < ∆, leading to a
reduction of the minimal gap at the equator; (ii) static
bath bias field hB ∝ αvzˆ and (iii) resonantly induced
bath bias field hB,ind ∝ zˆ
∑
k≈v λk〈b†k + bk〉. Both effects
(ii) and (iii) tend to increase the magnetic field along the
zˆ axis. While the first two effects are well established
and have been studied in detail previously12,30, we newly
identify the third effect of a resonantly induced bath bias
field here. In the regime of small velocities v  H con-
sidered here, the resonantly induced bath bias field (due
to effect (iii)) turns out to be much larger than the quasi-
static bath bias field (due to effect (ii)).
In Fig. 4, we observe that Cdyn → 0 as α→ 1/2. This
corresponds to a situation where the spin does not follows
the external magnetic field sweep at all and 〈σz(tf )〉 ≈
〈σz(t0)〉 remains close to its initial value. While v  ∆r
explains the breakdown of (quasi-)adiabaticity, which is a
necessary condition that Cdyn = C, the fact that Cdyn →
0 additionally signals that the effective magnetic field
that the spin experiences at the end of the sweep t = tf
is still along the positive zˆ direction.
As the quasi-static bath induced bias field hB ∝ αv
cannot compensate the external fieldHz(tf ) = −H in the
regime v/H we consider, this field compensation is clearly
due to another effect. As we demonstrate below, it is due
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to resonantly excited bath modes caused by driving the
spin at velocity v. This not only prevents the complete
system to remain in its instantaneous ground state and
leads to pronounced spin-bath entanglement, which we
discuss in detail in the next Sec. V. The bath excitations
act on the spin as an effective magnetic field along the
zˆ-direction
hB,ind ∝ zˆ
∑
k≈v
λk〈b†k + bk〉 . (29)
Due to the resonance condition, a large number of bosons
is created and this strongly affects the spin polarization
polarization. At sufficiently large α, it can compensate
the external field −Hzˆ present at the end of the sweep
such that hB,ind,z > H and the total field is along the
positive zˆ direction, preventing the spin to flip. Note that
this corresponds to the spin path on the right of Fig. 1.
To illustrate this effect, we numerically study a simpler
single-mode toy model
Hsingle-mode = H
2
cos(vt)σz +
H
2
sin(vt)σx
+
λ
2
σz(b+ b†) + vb†b . (30)
This model only considers the effect of a single mode of
frequency v. The evolution of the Bloch vector σ(t) =
〈σ(t)〉 is given by
∂tσ = H × σ, (31)
where H = H+hindσz(t) and hind(t) = λ〈b+b†〉(t). The
time evolution of hind(t) is given by
1
v2
∂2t hind + hind = −
λ2
v
σz(t) , (32)
This equation describes a harmonic oscillator driven by
an inhomogeneity ∝ σz(t). The strength of the drive is
proportional to λ2/v, which can be solved straightfor-
wardly. In Fig. 6, we show the absolute value of the ef-
fective field |〈h〉(tf )| that the spin experiences at the end
of the sweep. The field increases sharply as a function
of spin-mode coupling λ at a particular value of λ that
depends on the sweep velocity v. This shows that a par-
ticular coupling strength λ is necessary to trigger the res-
onant excitation of the single mode and reach substantial
values of the effective field h(tf ). At a fixed value of λ,
the field |hind(tf )| decreases with velocity v. We numer-
ically extract the general behaviour |〈hind(tf )〉| ∝ λ2/v.
Setting λ =
√
2αvH in agreement with an Ohmic spec-
tral function at low frequencies, we recover that
|〈hind(tf )〉| ∝ 2αH > H (33)
for sufficiently strong α. This demonstrates that the field
hind(tf ) can fully compensate the external magnetic field
for sufficiently large α (for our choice of λ, we find in-
deed α = 1/2 as the critical coupling strength). It is
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FIG. 6. Effective field |〈h〉|/H felt by the spin at the end of
the dynamical protocol as a function of λ, for v/H = 0.01
(magenta), v/H = 0.02 (black), v/H = 0.03 (yellow), v/H =
0.04 (red), v/H = 0.05 (cyan), v/H = 0.06 (green), v/H =
0.07 (blue), v/H = 0.08 (magenta). Inset: Fit of the value
of the coupling λ0, for which |〈h〉|/H=1, giving the scaling
λ0/H = (v/H)1/2.
important to recall that in the spin-boson model the cor-
responding phenomenon is a many-body effect. The toy
model, however, provides an intuitive picture of how a
radiative cascade of bosons leads to a bath induced mag-
netic field hB,ind that is large enough to compensate the
external field. Due to the similarity with the electromag-
netic Faraday effect, we name this a “quantum dynamo
effect”.
V. ENTANGLEMENT ENTROPY AND
EFFECTIVE THERMODYNAMICS
Let us finally study the entanglement between spin
and bath and provide an effective thermodynamical de-
scription of the final state of the system at tf after the
sweep. This will allow us to identify the dissipation
strength α0, where the crossover from quasi-adiabatic
to non-adiabatic behavior occurs (see Fig. 5), as a re-
gion of maximal spin-bath entanglement and population
inversion (corresponding to effectively negative tempera-
tures).
The entanglement entropy describes the amount of en-
tanglement that is present between the spin and the bath
modes54. It is defined as
E = −Tr [ρS log2 ρS ] ∈ [0, 1] , (34)
where ρS is the spin-reduced density matrix ρs = TrB(ρ).
For a pure state, spin and bath density matrices are fac-
torized yielding E = 0. In contrast, the case E = 1 corre-
sponds to a maximally entangled spin-bath state.
In the upper panel of Fig. (7), we show entanglement
entropy in the final state after the sweep as a function
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FIG. 7. (Upper panel) Evolution of the final entanglement
entropy (Left panel), and effective temperature as a function
of α for fixed v/H = 0.08 and H/ωc = 0.01. (Lower panel)
Effective temperature T ∗/H as a function of α. The tem-
perature T ∗ becomes negative when 〈σz(tf )〉 = 0 and the
entanglement entropy E is maximal.
of α for fixed v/H = 0.08 and H/ωc = 0.01. We ob-
serve that the entanglement between spin and bath in-
creases with spin-bath coupling α and reaches its maxi-
mum E = 1 at the characteristic coupling α0, where the
crossover into non-adiabatic spin dynamics occurs. For
larger values of α, the entanglement E decreases again as
the system evolves towards a factorized spin-bath state of
the form |↑z〉⊗|χ↑〉. It is important to note that E evolves
smoothly with α, in contrast to the well-known disconti-
nuity that occurs in the Ohmic spin-boson model in equi-
librium at the localization phase transition at αc = 1 in
the absence of a field in the zˆ-direction (Hz = 0). We
note that recently, the entanglement entropy was success-
fully measured experimentally in a circuit QED setup55.
One obtains an effective thermodynamic description of
the final spin reduced density matrix ρs(tf ) by regarding
it as the density matrix of an isolated spin in thermal
equilibrium with an effective Hamiltonian H∗ and an ef-
fective temperature T ∗. Both H∗ and T ∗ are uniquely
determined by the spin expectation values 〈σα〉. Follow-
ing Ref. 56, we interpret ρS(tf ) as the density matrix of
a factorizable state ρ = ρS ⊗ ρB with the spin being in
the thermal equilibrium at temperature T ∗ and with ef-
fective Hamiltonian H∗. Although spin and bath are in
fact highly entangled, such an effective description can
nevertheless be useful in order to characterize the gen-
eral behaviour of the system in the vicinity of α0. In
particular, the formal identification allows to compute
the effective temperature T ∗, whose evolution with re-
spect to α is shown in Fig. 7. For α > α0, we observe
negative temperatures T ∗ < 0, which indicates a popula-
tion inversion in the final state of the sweep. As pointed
out previously, for α > α0 the spin no longer follows the
external magnetic field (since |hB,ind| > Hz) and the fi-
nal spin orientation is against the external field. We note
that negative effective temperatures have been realized in
localized spin systems57,58, and were recently measured
experimentally for motional degrees of freedom in a cold
atom setup59. Interestingly, we note that T ∗ diverges at
α0 with leading behaviour T
∗/H ∝ 1/(α − α0)−1, in-
dependently of v/H. This scaling behaviour may be of
interest for future experimental studies.
VI. CONCLUSION AND EXPERIMENTAL
PERSPECTIVES
Experimentally controlling the form of a quantum dis-
sipative environment is a challenging task, but vari-
ous experimental platforms have been devised in this
goal. An Ohmic bosonic bath can be engineered through
a long transmission line15,16. Another setup of inter-
est is a one-dimensional Luttinger liquid18,19, where a
dissipative quantum phase transition were recently ob-
served60,61. Cold atom setups17,62,63 are also viable can-
didates to simulate an Ohmic bath coupled to a two-level
system. These platforms have already provided reliable
measurements of topological and geometrical character-
istics of Bloch bands64,65. It was also proposed to un-
ravel these many body effects in a non-equilibrium proto-
col, by studying the transmission spectrum of microwave
light in a related circuit QED scheme66,67. These circuit
QED architectures appear promising as in recent exper-
iments24,25 values of the dissipation strength α > 0.01
were reported. A value of as large as α ≈ 0.5 was re-
cently reached in Ref. 25. An advantage of these circuit
QED setups is that the quasi-adiabatic sweep protocol
that we discuss in this article has already been success-
fully implemented27,29. Finally, solid-states architectures
have also led to a measurement of the Berry phase using
an interferometry protocol68.
To conclude, in this article we have investigated the
topology of a spin-1/2 in contact with an Ohmic bath.
We have shown that within the delocalized phase, where
α < αc = 1, dissipation modifies the geometry of the spin
ground state manifold on the Bloch sphere only locally.
The global topology captured by the Chern number C
remains unchanged by the coupling to the bath until the
localization quantum phase transition at αc = 1. We pro-
vided a geometric interpretation discussion of this well-
known transition relating the Berry curvature Fφθ to the
spin susceptibility that is known from exact Bethe Ansatz
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results. We found that the bath gradually deforms the
spin ground state manifold. At αc = 1, the Berry cur-
vature becomes infinite and this singularity signals the
dissipative topological transition. We then investigated
this geometrical change of the Berry curvature withing
a recently proposed dynamical sweep protocol26 that re-
lates the quasi-adiabatic response of a slowly driven spin
to Fφθ. As long as one ensures (quasi-)adiabaticity the
dynamically measured Chern number Cdyn is a good esti-
mate of C. Using numerically exact results obtained from
the stochastic Schro¨dinger equation (SSE) technique, we
were able to identify a bath induced crossover from quasi-
adiabatic to non-adiabatic behavior that occurs at fixed
velocity v/H  1 at dissipation strength α much smaller
than the critical value αc = 1. Our results show that
the dynamic protocol requires much smaller velocities
v  ∆r in the dissipative system as compared to the
case of a free spin v  H. For fixed velocities in the
regime H/ωc < v < H, we showed that the dynamically
measured Chern number vanishes at the Toulouse point
α = 1/2, and we derived analytically the scaling of Cdyn
close to α = 1/2. We provided an intuitive physical ex-
planation of this effect as a consquency of a resonantly
induced bath bias field hB,ind due to the resonant excita-
tion of modes with frequencies close to the sweep velocity
ωk ≈ v. Using a simplified single-mode toy model, we
were able to show that these bath excitations crucially
affect the spin dynamics in analogy to the Faraday effect
of induction in electromagnetism. We thus named this
phenomenon the “quantum dynamo effect”.
Finally, we note that it would also be interesting to
investigate the effect of other kinds of dissipative envi-
ronments on the spin topology. Examples are a bosonic
bath with sub-Ohmic spectral density, J(ω) ∝ ωsω1−sc
at low frequency with 0 < s < 1, which is known to
trigger a continuous quantum phase transition in equi-
librium12,69. The main task would be to characterize the
evolution of 〈σz〉 with respect to θ. From Eq. (11) and
the study of critical exponents in Ref. 70, one expects a
divergence of the Berry curvature at the equator at the
transition Fφθ=pi/2 ∝ (αc − α)−γ , where γ = 1 + O(s).
One could also use a variational approach similar to the
one used in this article or implemented in Ref. 71 in or-
der to reach an estimate of Fφθ for all values of θ. In a
broader context, we note a recent observation72 of a dy-
namical topological transition after a quench in a system
of ultracold atoms in an optical lattice, or studies focus-
ing on the dissipative preparation of topological states in
cold atomic lattice systems73,74. Beyond its theoretical
interest, the experimental evidence of the bath induced
adiabatic to non-adiabatic dynamical crossover and the
associated quantum dynamo effect studied here, seems
an accessible and exciting opportunity in state-of-the-art
experimental platforms.
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Appendix A: Chern number and relation to the
equilibrium properties of 〈σz〉
A more rigorous characterization of the relative integer
n introduced in the main text can be done with homotopy
theory, as exposed in Ref. 75, by considering a group
G of transformations between possible equilibrium Bloch
vectors. In our case, a suitable group G would correspond
to the two-dimensional rotation group SO(2), which is
a continuous group with a well-defined topology. One
can show in particular that to each loop in SO(2), is
associated a relative integer n76. The continuous path
parametrized by θ from θ = 0 to θ = 2pi defines a loop in
SO(2), and the cases H0/H < 1 or H0/H > 1 correspond
to a different value of n. This integer n corresponds to
the Chern number characterizing the spin 1/2 system.
One can use the Poincare´-Hopf theorem to show that
the Chern number is equal to the degree (introduced
below) of the mapping (θ, φ) → h/|h|, as used for ex-
ample in Ref. 77. The degree deg of a smooth map
f : M → N between two connected, oriented and closed
n-dimensional manifolds M and N , is an integer defined
by78,79
deg =
∑
x∈f−1(y)
sign det (J ) , (A1)
where J is the Jacobian matrix of f and y ∈ N is a
regular point with a finite number of preimages. deg is
an integer which do not depend on the point y. In our
precise case, we work with 2-dimensional manifolds, that
fulfill the requirements of the above definition. When
H0 < H, any regular point y in N has only one pre-
image. The sum in Eq. (A1) reduces then to one term
and we have in general deg = ±1. When H0 > H, the
situation is different as there are always two preimages of
any regular point in N . A computation of the Jacobian
for a particular choice of y shows that these two terms
compensate and one gets deg = 0. We recover then Eq.
(6), when we consider the limit y → (0, 0, 1) .
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Appendix B: Shifted oscillators approach-single
polaron study
Recent variational approaches, such as the polaron
expansion35, allow to determine approximatively the
quantities p and q, and states |χσ〉. At weak dissi-
pation, one may indeed approximate the ground state
|g〉 in the “single polaron” picture35 (see also related
Refs. 12, 14, 33, and 34) where one assumes that bath
states |χσ〉 correspond to multi-mode coherent states
|χσ〉 = exp
[∑
k f
σ
k (bk − b†k)
]
|0〉. This “single polaron”
picture is also often called “shifted oscillators” picture,
as a coherent state corresponds to the ground state of an
harmonic oscillator whose equilibrium position has been
shifted. Here, |0〉 denotes the vacuum with all the os-
cillators at equilibrium and fσk corresponds to the value
with which the oscillator k is shifted for the state |χσ〉.
The set of real numbers {f↑k} and {f↓k}, as well as p and
q, are then determined by minimizing the mean energy
E = 〈g|H|g〉 of the system. For simplicity, we work at
φ = 0 and we reach
E =
1
p2 + q2
[
H
2
cos θ(p2 − q2) +Hpq sin θe−
∑
k
(f↑k−f
↓
k)
2
2 +
∑
k
λk
(
p2f↑k − q2f↓k
)
+
∑
k
ωk
(
p2(f↑k )
2 + q2(f↓k )
2
)]
.
(B1)
Minimizing E with respect to f↑k and f
↓
k gives for all k,
p2λk + 2p
2f↑kωk − pqHδ sin θ(f↑k − f↓k ) = 0 (B2)
−q2λk + 2q2f↓kωk + pqHδ sin θ(f↑k − f↓k ) = 0 (B3)
where δ = e−
∑
k
(f↑k−f
↓
k)
2
2 . Minimizing E with respect to p or q gives the same equation,
Hδ sin θ
[
q2 − p2]+ 2pq [H cos θ +∑
k
λk(f
↑
k + f
↓
k ) +
∑
k
ωk((f
↑
k )
2 − (f↓k )2)
]
= 0 (B4)
Solving self-consistently the set of equations determined
by Eqs. (B2–B4) allows to compute p and q and their
evolution with respect to θ for different values of α. The
behaviour of the spectral function J notably enters into
account through the renormalization factor δ. We recover
the non-dissipative values, p = cos θ/2 and q = sin θ/2 at
α = 0. From the value of p and q, one may compute the
Berry curvature and we show its evolution with respect
to θ for different values of α ≤ 1/2 in Fig. 2 of the main
text.
Appendix C: Proof of Eq. (16) using
time-dependent perturbation theory
Let us call |et〉 and |gt〉 the excited and ground state
of the system at time t, associated with the eigenenergies
Ee(t) and Eg(t). We project the wavefunction of the
system at time t on this instantaneous basis,
|ψ(t)〉 = ag(t)|gt〉+ ae(t)|et〉. (C1)
We first show that the non adiabatic response of the system will lead to a non-zero expectation value for 〈σy(t)〉.
Then we compute ae(t) and ag(t). Let us define A(φ) = 〈∂φHTLS〉. We have
A(φ) = 〈ψ(t)|∂φHTLS |ψ(t)〉
= |ag(t)|2 〈gt|∂φHTLS |gt〉︸ ︷︷ ︸
=0
+|ae(t)|2 〈et|∂φHTLS |et〉︸ ︷︷ ︸
=0
+ag(t)a
∗
e(t)〈et|∂φHTLS |gt〉+ a∗g(t)ae(t)〈gt|∂φHTLS |et〉.
(C2)
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Then
A(φ = 0) = H/2 sin θ(t)〈σy〉 = [ag(t)a∗e(t)〈et|∂φHTLS |gt〉+ a∗g(t)ae(t)〈gt|∂φHTLS |et〉] (φ = 0). (C3)
It is clear from Eq. (C3) that 〈σy(t)〉 is linked to the non-adiabatic response of the system. To find the time evolution
of ae(t) and ag(t), we use time dependent perturbation theory, following Refs. 26 and 37. Inserting expression (C1)
into the Schrd¨inger equation and projecting on the state |et〉, we get:
ia˙e(t) + ag(t)〈et|∂t|gt〉 = ae(t)Ee(t). (C4)
Next, we define αi(t) = ai(t)e
iΘi(t), with Θi(t) =
∫ t
t0
Ei(τ)dτ for i = (g, e). At first order in v/G, we get
37,
αe(t) = i
∫ t
t0
dτ〈eτ |∂τ |gτ 〉 exp [i (Θe(τ)−Θg(τ))] + o(v/G). (C5)
Using integration rules on fast oscillating functions37, one finaly reaches in the case of an initial adiabatic evolution
ae(t) = −iv 〈et|∂θHTLS |gt〉
[Ee(t)− Eg(t)]2
+ o(v/G). (C6)
Inserting the expression (C6) into Eq. (C3), we get:
〈ψ(t)|∂φHTLS |ψ(t)〉 = −iv 〈gt|∂φHTLS |et〉〈et|∂θHTLS |gt〉 − 〈gt|∂θHTLS |et〉〈et|∂φHTLS |gt〉
[Ee(t)− Eg(t)]2
+ o(v/G). (C7)
We recognize on the right hand side of Eq. (C7) the ex-
pression of the Berry curvature, and we find back Eq.
(16). For H0 = 0, we have F0φθ = 1/2 sin θ. When the
evolution is not initially adiabatic, unimportant oscilla-
tions appear on top of the Berry curvature signal, as
shown in Refs. 26, 29, and 37.
The derivation above remains in fact valid for a gapless
system26, and a more general criterion for the validity of
Eq. (16) of the main text is 1 − |ag(t)|2  1. This
inequality is guaranteed in the presence of a large gap,
but it is also fulfilled in gapless systems when there are
few excitations in the system. This general criterion can
be fulfilled for the ohmic spinboson model by reducing the
velocity, until values of α close to 1/2 (see main text).
Appendix D: SSE Method
The SSE method allows to compute the time-evolution
of the spin-reduced density matrix ρS(t) for t ≥ t0, where
t0 denotes the initial time. This approach assumes factor-
izing initial conditions ρ(t0) = ρB(t0)⊗ ρS(t0), with the
bath in a thermal state at inverse temperature β. In the
main text, we take the zero temperature limit β → ∞.
Under this factorization assumption, we can show that
the elements of the spin-reduced density matrix at time
t ≥ t0 evolve according to a Stochastic Schro¨dinger-like
differential equation (D1),
i∂t|Φ〉 = V (t)|Φ〉, (D1)
0 pi/4 pi/2 3pi/4 pi
v(t−t0 )
−0.5
−0.25
0
0.25
0.5
〈 σy〉
FIG. 8. Evolution of 〈σy〉 with respect to time at α = 0.1 for
v/H = 0.06, H/ωc = 0.01, and p = 5 (red), p = 6 (black),
p = 7 (yellow), p = 8 (blue) and p = 10 (green). For greater
values of p, the curve remains unchanged.
where |Φ〉 is a four-dimensional vector whose components
correspond to the elements of ρS . In Eq. (D1), we have
V =
−H sin θ(t)
2

0 e−h −eh 0
eipiαeh 0 0 −e−ipiαeh
−e−ipiαe−h 0 0 eipiαe−h
0 −e−h eh 0
 .
(D2)
This effective Hamiltonian for ρS describes quantum
jumps between the different states of the density ma-
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trix. The non-zero transition elements are dressed by a
time-dependent field h = h1 + h2 which contains a de-
terministic part h1 depending on the field along the z-
direction h1 = −i
∫ t
t0
ds(H cos θ(s) +H) and a stochastic
part h2. h2 is more precisely a gaussian random field
whose correlations are determined by the bath
h2(t)h2(s) =
1
pi
Q2(t− s) + l, (D3)
where the overline denotes a stochastic average, l is an
arbitrary constant and we have at zero temperature
Q2(t) =
∫ ∞
0
dω
J(ω)
ω2
(1− cosωt) . (D4)
The dynamics is then described by a stochastic process
inside the Bloch sphere, whose characteristics depend on
the spectral properties of the bath. To recover the spin
density matrix, one averages over the stochastic noise.
We have more precisely
[ρS(t)]ij = 〈Σij |Φ(t)〉, (D5)
where |Φ〉 is the four-dimensional vector solu-
tion of Eq. (D1) with initial condition |Φ(t0)〉 =(
[ρS(t0)]11 , [ρS(t0)]12 e
h(t0), [ρS(t0)]21 e
−h(t0), [ρS(t0)]22
)T
.
Vectors 〈Σij | read 〈Σ11| = (1, 0, 0, 0); 〈Σ12| =
(0, e−h(t), 0, 0); 〈Σ21| = (0, 0, eh(t), 0); 〈Σ22| = (0, 0, 0, 1).
The SSE method is a numerically exact method, whose
derivation is based on different results related to Refs. 12,
14, 30, 41, 43, 44, 46, 47, and 80 and can be decomposed
into three consecutive steps:
• Integration of the bosonic degrees of freedom in a
path integral formalism80. This integration induces
spin-spin interactions, which are long range in time.
• Rewriting of the spin path in the language of
“Blips” and “Sojourns”, following the work of Ref.
14.
• Stochastic unravelling of the bath-induced spin-
spin interaction thanks to the introduction of
stochastic degrees of freedom30,41,43,44.
In practice, the use of the SSE method requires a large
number of noise samplings. For each sampling, we solve
Eq. (D1) and the spin density matrix is obtained af-
ter averaging over the results. Due to the translational
invariance of correlations (D3), we use Fourier series de-
composition to sample field h2. The use of Fast Fourier
Transform algorithm relates Fourier and real time dis-
cretization, so that we only have one control parameter
N = 2p corresponding to the discretization. For eash
simulation, we progressively increase p until the output
no longer depends on the discretization, see Fig. 8.
The SSE method notably gives reliable results for the
ohmic spin-boson model in the scaling limit, H/ωc  1
and 0 ≤ α ≤ 1/2, as shown in Refs. 30, 41, 43, and 44.
Appendix E: Keldysh approach and deviation from
Toulouse point
Deviations from the exact mapping point α = 1/2 re-
sult in a additional term Ht in HT of the form50
Ht = U
∑
k,k′
(
c†kck′ −
1
2
)(
d†d− 1
2
)
, (E1)
where U is proportional to u = (1/2 − α) at first order
u. This lead-dot interaction term prevents the closure of
the equations of motion for the Green functions. To go
further, we suppose that the effect of such term can be
captured by a mean-field approximation. We develop the
bracket in Eq. (E1), which gives two different terms. The
first one H1t corresponds to an additional field applied on
the dot, of strength proportional to −U . The second one
H2t can be written in the following form,
H2t = −
U
2
∑
k,k′
(
dc†kck′d
† + ck′d†dc
†
k
)
. (E2)
We apply then a mean-field approximation on this term,
< AB >= A < B > + < A > B− < A >< B >,
with A,B ∈ (dc†k, ck′d†). Computing the equations of
motion for the retarded dot Green function and the re-
tarded mixed Green function lead to a renormalization
of V (t) respectively in V (t) + U
∑
k < dc
†
k > (t) and
V (t) + U
∑
k′ < ck′d
† > (t). This allows then to solve
the dynamics at first order in u, and we show an example
of the numerical results in Fig. 9. We find Eq. (28) of
the main text, with a = 4.1 ± 0.1 here (we did not keep
track of all the constant terms for the numerics).
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